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Effects of membrane length and hydraulic resistance on the steady-state laminar
flow of a fluid with injection in a dead-end cylindrical porous tube have been investi-
gated using the perturbation approach of the Navier-Stokes and continuity equations.
Analytic solutions of the dynamic equations, reduced to non linear differential equa-
tions, were obtained and applied to submerged, dead-end hollow fiber membranes of
large resistances and small wall Reynolds numbers. The velocity and pressure profiles
were solved using the method of separation of variables as with physical properties of
the membrane and fluid and the wall velocity at the dead end. The constant flux
approximation was found to be valid only for a short membrane with a large hydraulic
resistance. The constant permeability approximation used in this study is universal for
a membrane of an arbitrary length, through which the fluid velocities and pressure
increase exponentially from the dead end to the open end. © 2010 American Institute of
Chemical Engineers AIChE J, 57: 1997-2006, 2011
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Introduction

Among various configurations of membrane modules, hol-
low fiber (HF) membranes are used for applications in a va-
riety of fields, including membrane distillation,l’2 wine filtra-
tion,’ juice upgrading,4 pharmaceutical processing,””’ and
water and wastewater treatment.®™'? Recently, forward osmo-
sis processes received close attention because of low-pres-
sure requirement and cost effectiveness,'>' and module de-

Correspondence concerning this article should be addressed to Y. T. Lee at
yongtlee@khu.ac.kr.

© 2010 American Institute of Chemical Engineers

AIChE Journal August 2011

velopment of forward osmosis HF membranes are currently
in an active stage.'>™'” Advantages of using HF membranes
include extremely large packing densities and simple opera-
tional methods. Especially, in water and wastewater treat-
ment, a bundle of dead-end HF membranes is submerged in
a tank, and a negative pressure is applied to each fiber’s in-
terior to generate a pressure gradient. A permeate flow enter-
ing from the exterior to the interior of the HF membrane wall
produces an internal crossflow, and the crossflow rate substan-
tially increases from the fiber’s dead end to the open end. The
permeate flux (i.e., wall velocity) from the porous wall domi-
nates the crossflow velocity near the dead end, but becomes
negligible in comparison with the crossflow velocity toward
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Table 1. A Comparison of this Study with Previous Work

Berman (Ref. 23)

Yuan and Finkelstein (Ref. 24)

Karode (Ref. 52)

This Study

Geometry

Governing equations

Wall Reynolds
number regions
Flow type

Assumption
Perturbation

function, f

Cross-flow velocity
Permeate velocity
Pressure

Rectangular slit of
semi-infinite width
with two equally
porous walls

Navier-Stokes and
continuity
equations, Egs. 1-3

small (R, < 1)

2D, incompressible,
steady-state,
laminar flow

Constant wall velocity

Equation 30

Equation 32
Equation 33
Equation 37

Porous cylindrical tube

Navier-Stokes and
continuity equations,
Egs. 1 and 2

small (R,, < 1) and
large (Ry, > 1)

2D, incompressible,
steady-state,
laminar flow

Constant wall velocity

Equations 25 and 38
for small and
large R,,, respectively
(same hereafter)
Equations 27 and 40
Equations 28 and 41
Equations 30 and 41

Porous rectangular slit
and cylindrical tube

Fluid mass balance
equation

Not specified

2D, incompressible,
steady-state,
laminar flow
Constant wall
permeability
N/A

N/A
N/A
Equations 10 and

Cylindrical tube of a
uniform permeability
as applied to a hollow
fiber membrane module

Navier-Stokes and
continuity equations,
Eqgs. 3-5

small (R, < 1)

2D, incompressible,
steady-state,
laminar flow

Constant wall
permeability

Equation 34

Equation 37
Equation 38
Equation 39

14 for the slit and
tube, respectively.

Equation numbers are associated with the particular references.

the open end. Analytic research on the fluid velocities and pres-
sures in a long, dead-end HF membrane is of crucial necessity
to obtain a deeper understanding of the internal crossflow and
fouling phenomena.'® > However, to date, only a limited
amount of theoretical research on the effects of membrane
length and resistance on crossflow rate and pressure distribution
has been carried out. A brief literature review follows.

In 1953, Berman® investigated laminar flow in a rectan-
gular channel with two uniformly porous walls of equal per-
meability. His work focused on cases of small wall Reynolds
numbers due to a slow wall velocity regarded as a perturba-
tion to the fast crossflow. Berman’s primary assumptions
included: (1) a steady-state flow, (2) an incompressible fluid,
(3) the absence of external forces exerted on the fluid, (4) a
laminar flow, and (5) a constant wall “velocity” (called in
this study constant flux approximation (CFA)). Although
Berman’s work was limited to the fluid flow leaving the wall
(i.e., inside-out permeation), Yuan and Finkelstein (YR)**
used a similar perturbation technique with cylindrical coordi-
nates and investigated suction (inside-out) as well as injec-
tion (outside-in) flow of low- and high-wall Reynolds num-
bers. Later, Berman®® commented that “Good agreement is
obtained between Yuan’s predictions and the results of (Ber-
man’s) numerical integrations for large injection but not for
large suction Reynolds numbers.” Terrill and Thomas®®
transformed the two-point boundary value problem into an
initial value problem, provided fundamentally more rigorous
analysis (than Berman’s 5) of numerical and theoretical solu-
tions of YF’s problem24 with an arbitrary wall Reynolds
number, and showed the existence of multiple numerical sol-
utions based on the initial guesses using the no-slip bound-
ary condition at the porous wall. Recent theoretical achieve-
ments on the fluid flow in permeable tubes include Chellam
and Liu’s work regarding slip effects on existence and multi-
plicity of the similarity solutions,?” which concluded that the
slip boundary condition on the permeable wall only weakly
influences the transition wall Reynolds number of the flow re-
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versal®® with minimal changes in the similarity solutions. In
parallel with the further theoretical development from YF’s
original work on laminar flow through porous wall, noticeable
applications of YF’s research include a plethora of engineering
processes: crossflow ultrfiltration of particulate materials®® 2,
computational fluid mechanics modeling in membrane chan-
nels and module design33_35; fouling behavior of reverse os-
mosis membranes®®; constant properties of duct flow,”’ and
laminar elasticoviscous,>® pulsatile,39 compressible,40 and oscil-
latory41 flows in permeable channels; laminar heat tramsferfu’43
combustion,44 and gas/vapor separation45; food science46; and
medical applications such as the uptake of tritium-cholesterol
on the arterial wall,*’ convective flow and solute concentration
in the (bioartificial) kidney,**>" and the role of the “resting”
eccrine sweat gland in thermoregulation.”'

Although studies on the laminar flow through porous
channels have been limited to CFA, Karode? relaxed Ber-
man’s fifth assumption (i.e., constant flux) and used the con-
stant permeability approximation (CPA). This was because
the wall velocity is proportional to the trans-membrane pres-
sure profile and increases dramatically along the axial direc-
tion.>® Because Karode’s analysis was based on fluid mass
balance, as extended from the Hagen-Poiseuille equation, only
mean fluid velocities were investigated without detailed analy-
sis of the internal flow. Aforementioned theoretical studies (in
comparison with this work) on quiescent fluid flows through
porous ducts are summarized in Table 1 for various factors.

Although the excellent theoretical work of Berman,
YF,?* and Karode™ provided fundamentals as well as practi-
cal aspects of the laminar flow through porous channels, to
the best of our knowledge validity of their approaches in
terms of the membrane length and resistance was not yet
studied systematically. Focusing on the long dead-end HF
membrane module of a constant permeability, therefore, we
have in this study used YF’s perturbation technique using
cylindrical coordinates, provided analytic expressions of the
pressure and velocity components for small wall Reynolds

25
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7z = 0 (dead end)

7z = L (open end)

Figure 1. A schematic of injection flow (outside-in) of
fluid with density p and dynamic viscosity v
through a long, dead-end porous cylindrical
tube (i.e., hollow fiber membrane) of length L
and resistance R,,.

U and V are fluid velocities in the axial and radial direc-
tions, respectively, and P is the pressure.

numbers, and discussed practical implications of the results
from CPA.

Theory
Equations of motion

Figure 1 shows a schematic injection flow though a uni-
formly porous cylindrical tube with the entrance blocked, anal-
ogous to a submerged, long dead-end HF membrane. Negative
pressure is applied to the interior at the open end (z = L), and
it generates a permeate flux that increases from the dead end
(z = 0). The crossflow velocity at the open end is equal to the
integration of the permeate flux over the entire cylindrical
porous wall, divided by the channel cross-sectional area.

For the sake of mathematical simplicity, we used the fol-
lowing dimensionless coordinate variables

¢=2 (1)
2
=5 @)

where z and r are axial and radial coordinates, and « is the tube
radius. We then rewrote the continuity and Navier-Stokes
equations in cylindrical coordinates with axisymmetry for two-
dimensional steady flow of a viscous incompressible fluid:

dv v  Ou
AR 3
Wan N A 3)
and
op  Ou ou 1 0 ( ou\ Ou
=g () + 58| @

_‘9_1’_,,§<L)+v@

S 21 an

1 9% 9% v

& Pae )+ 5z ()| ©

respectively, where u(= U/Vyo) and v(= V/Vy,0) are dimen-
sionless fluid velocities scaled by the permeate flux at the dead
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end Vyo,Rw(= aVyo/v) is the wall Reynolds number, and
p(=P/pV?%,) is the dimensionless pressure (See Appendix A
for the transformation of the Navier-Stokes and continuity
equations between (r,z) and (1,€) coordinate systems.).
Boundary conditions employed for u and v are:

u(n=1)=0 (6)
vin=1<¢=0)=—-1 @)
v(n=0)=0 (®)
ou
—| =0 )
\/ﬁan n=0

which imply that, on the membrane surface (y = 1), the axial
velocity vanishes due to the no-slip boundary condition and
the permeate flux at the dead end is a non-zero constant, i.e.,
Vwo; and that, at the channel epi-center (n = 0), the radial
velocity vanishes due to symmetry and the axial velocity
reaches its maximum. The negative sign of Eq. 7 indicates the
radial direction from the membrane wall to the epi-center.
Analytic derivation of axisymmetric solutions for u, v, and p
using the aforementioned boundary conditions is the primary
objective of this study.

Once u and v are calculated using the boundary condi-
tions, the cross-section averaged axial velocity # and the
length-averaged radial velocity v can be calculated in dimen-
sionless forms according to

1
ﬁ:/ u(n, )dn (10)

0
1 ¢
= [vi= 1.6 (an
JO

where the prime indicates a dummy variable for integration.

Flow field in a dead-end hollow fiber module

For the dead-end HF membrane module as shown in Fig-
ure 1, one may represent the magnitude of the dimensionless
wall velocity as

n(€) =~ = cosh ¢ (12)

w0

where f is a dimensionless transport parameter defined as>t

4
= VRma ()

where R, is the membrane resistance in a unit of inverse
length (See Appendix B for detailed derivation of Eq. 12).
Then, the dimensionless crossflow rate is calculated as

q(¢) = 9 = 2/S vw(E)dE = (%) sinh ¢ (14)
0

T na?V B

which is the crossflow rate, Q, divided by the channel cross-
sectional area, naz, multiplied with the characteristic permeate
velocity, Vyo.
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At this point, the Stokes stream function for a two-dimen-
sional axisymmetric flow may be introduced:

__ oy 1 o
YV r oz a*\/n 9¢ (13)
10y 2 oy
Wwo =T oy = T 2 on (16)

which satisfy the continuity Eq. 3. Using the method of
separation of variables, we propose a stream function:

1 24V, oy
v =1orm = (20 rosimpe a9
and its dimensionless form:
WV ) sinh e (18)
2azﬁileo .

where f(17) is the perturbation function.*** Then, u and v are
represented using ‘¥ as:

4 0¥ ,sinh ¢
- 4 19
u Bon lf B (19)
21 0¥ f
=22 =27 cosh 20
! B/m o¢ \/ﬁcos b e

The perturbation function f should satisfy the following
boundary conditions, physically identical to Eqs. 6-9:

f(1)=0 @

1
f() = 3 (22)

. fn)
Lim /" (7) = 0 (24)

respectively. By integrating u and v with respect to # and &,
respectively, the averaged velocity components are calculated
from Eqgs. 10 and 11:

= 2Sin2ﬁé 25)

_ sinh ¢ i
S - 26
Y % 20

at the dimensionless distance ¢ from the dead end. Multiplying
na2VW0 with u# of Eq. 25 provides the crossflow rate Q at an
arbitrary &, and the negative sign of Eq. 26 indicates the outside-
in direction of the permeate flux. The (positive) ratio of 7 to —v
linearly increases from the dead end to the open end:

=2 @7

<

which is one at the distance equal to the tube half-radius (¢ =
1/2), and is much larger than one near the open end (£ > 1).
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Table 2. Orders of Magnitude Analysis for Filtration
Parameters of HF Membranes

MF/UF NF/RO
Rp(m™") 10'-10" 1010
a(m) 1074 1074
I(—) 10-10* 10°-10*
Jo(um/sec) 10'-10% 10°-10'
Ru(= Joalv)(—) 107°-1072 107*-10°
J(m™h 10°-10" 10-'-10°
B(—) 10741073 10752107
Bl(—) ~10° ~107"

Jo(= AP/uR,,) represents a typical value for the length-averaged permeate
flux of pure solvent, where AP is the transmembrane pressure. Membrane re-
sistance values are estimated using membrane permeability and flux data
(especially, 80—170 L/m? h for UF™) included in Refs. 55-57; the order of
radius ma&nitude was taken from the classification of HF membrane (¢ <
0.25 mm)”°; and the membrane length is set to 1.0 m to estimate /.

By substituting # and v of Eqgs. 19 and 20 into the Navier-
Stokes Eqgs. 4 and 5, we calculated the pressure gradients:

ap . Sinh ﬁé 12 !/ 1 /11 1! ﬁz !
8—5__16 7 {coshﬁf_(f —ﬁ)—R—W(nf +f +Zf)}
(28)

o [f ff coshpé (., Bf
S St

If the membrane length is short enough to satisfy pl < 1
where /(= L/a) is the dimensionless length, i.e., the mem-
brane length scaled by the tube radius, the pressure, and
axial velocity linearly increase along the axial direction with
the permeate flux of a pseudo constant.>>**

Perturbation approach for a small Reynolds number, R,,

Partial differentials of Eqgs. 28 and 29 with respect to # and
&, respectively, are .equal to each other, i:e., % = %,
because the pressure is presumed to be a continuous function
within the HF membrane channel. This equality yields:

ﬁz 1 ﬁ4f Ay " ﬁzfz
— ~—=~ = Ry cosh — ——
2 +16’1 cosh BE\f'f" — ff +4’12

(30)

nf//// +2f/// +

in which magnitudes of f, f/, and R,, are important semi-
independent parameters that need further analytic develop-
ment. In general, strict application of the separation of
variables fails because both variables are present in Eq. 30.
Nevertheless, the following practical features allow us to
attempt reasonable approximations.

Table 2 shows the orders of magnitude of the characteris-
tic parameters for the pressure-driven membrane filtration
processes: microfiltration (MF), ultrafiltration (UF), nanofil-
tration (NF), and reverse osmosis (RO). Although the MF/
UF group usually has membrane resistance one order of
magnitude smaller than that of the NF/RO group, both mem-
brane groups have intrinsic resistances large enough to sat-
isfy the following two perturbation conditions:

(i) Ry cosh B¢ < Ry, cosh fl ~ R,O(1) < 1, and

(i) p* < 7 (equivalently f* < 1).
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Condition (i) nullifies the right-hand-side of Eq. 30 to
render:

B Bf

1111 2///
nfm 42T+ 167

f” +—==0 (31)

A general solution for f satisfying the full perturbation
equation (Eq. 31) is calculated using Maple software version
13 (Maplesoft, Waterloo, Canada) as

f(n) = Biy/mdi(By/n) + Bz /Y1 (By/n)
+ [Ba (= (Byin -+ 0200 (B/)B)

84 (=Y (B0 + Yo (By/)B)|
< [Y1(By/m)Jo(By/n) —J1(By/i)Yo(Byi)]  (32)

for which unknown constants, B|—B4, can be calculated by
applying the same boundary conditions of Eqgs. 21-24, but are
left undetermined in this study. Instead, we take an advantage
of condition (ii) to further neglect the fourth term of [54 in
Eq. 31 for a simpler mathematical process. Considering only
the zeroth- and second-order terms of f in Eq. 31, one can
calculate the general solution for

f(n) = Cy + Can + Cay/nl 1 (a/n) + Cay/n¥1 (23/7)  (33)

where J, and Y are the first and second kinds of the first-order
Bessel functions, respectively, and o« = /2. This simpler
solution of Eq. 33 is, in principle, an approximate version of
Eq. 32 with a tolerance error of 0([)’4) and a trade-off of the
mathematical complexity. For the sake of calculational
convenience, o and f are interchangeably used in the rest of
this article. By applying the boundary conditions of Egs. 21—
24, one finds

1 [2y/md1 (o /M) — omdo(x) 34

fera(n) =3 271 (0)) — ado(a)

where subscript “CPA” emphasizes the underlying assump-
tion of the constant permeability (See Appendix C for details
of coefficient determination.). Equation 34 converges to YF’s
full solution based on the constant flux assumption as o
reaches zero:

fera(n) = ) =n -3 +OR)  (39)

(See Appendix D for details of a series expansion of the
perturbation function fcpa).

The dimensionless stream function for a small R,, is thus
represented as
. 12/ (oc\/r_]) —ando(a)] .
Yepa = hpé=— h
cpa = f(17) sinh & 5 21 (2) — o (2) sinh ¢
(36)

and the velocity components are derived as
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Figure 2. Plots of the perturbation function fcpa () of
Eq. 34 vs. y for § = 0, 0.1 and 1.0.

Lines for f = 0.0 and 0.1 are indistinguishable. The shape
of fcpa(1) determines velocity components, u and v, of Eqgs.
19 and 20, respectively. [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]

_ Jo(xy/m) = Jo(@)]
ucpAfzf[ 21w ajo()}s h 37)

_ 1 NG (ac\/ﬁ) —ando (o) cos
Vepa = NG [ 2 (o) = oo(3) ] hpe  (38)

Finally, we approximated the pressure gradients of Eqgs. 28
and 29 for a small Ry, substituted the perturbation function
Jfopa of Eq. 34, and calculated the pressure distribution as

Jo(o/1) + Jo (o)
= —Apm h p¢ 39
peell €)= =8 B 16, 31 o) — (o]
which is set to zero at the dead-end epi-center, where
AP 0 VR
Apmo = —= o (40)
P Va,() VWO

Results and Discussion

Figure 2 shows that f§ does not significantly influence the
perturbation function fcpa(7) when 0 < f < 1. Note that the
(positive) parameter [ in principle of perturbation theory
cannot exceed 1. Our solution for fepa(r7) with f — 0 is
equivalent to that of the constant flux approximation with
Ry, — 0, denoted as f3(n) in Eq. 35. As shown in Table 2,
large membrane resistance generates very small values of f§
and R,,, having a relationship of R, = Joa/v = APpazﬁz/
16,u2. This makes constant flux and permeability approxima-
tions practically indistinguishable, especially for membranes
of short lengths. The primary functional form of the pertur-
bation function,f{{)F(n), seems to be universal to both constant
flux and permeability approximations for small R,,s regardless
of the membrane length. Nevertheless, it is worth investigat-
ing how much the small difference of dimensionless perturba-
tion function fcps due to f can influence velocity components
far away from the dead end. We approximated a difference
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Figure 3. Streamlines from the CPA (green) and the
CFA (blue) where W¢pa is 0.01 (solid), 0.1 (dot-
ted), 0.5 (dashed), 1.0 (dash-dotted), and 2.0
(long-dash-double-dotted).

For small Wcpa values such as 0.01 and 0.1, streamlines of
CPA and CFA are indistinguishable. All streamlines indi-
cate fluid entering perpendicular to the membrane surface
and flowing toward the open-end epi-center. [Color figure
can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

between —v with a small but finite  and that of f — 0 at
the open-end surface (i.e., £ =/ and n = 1):

ov

5 Blsinh Bl (41)

—Av=—vcpa — (—V)cpa® —B
and likewise

Ou 4 plcosh il — sinh I
op Bl

at the open-end epi-center (i.e., ¢ =/ and n = 0 ), where vcpa
and ucga indicate veps and ucpa at the limit of f — 0. The
hyperbolic terms of Egs. 41 and 42 represent the exponential
variation along the axial direction. Using the typical
magnitude of I = O(1) for MF/UF, —Av can be much larger
than f/ and Au is at least on the order of the dimensionless
length, i.e., O(/). This indicates that although effects of § on
the shape of fcpa(#7) are not easily noticeable in Figure 2, the
small difference can drastically augment flow velocities at the
open end. Even for the NF/RO group of fl = 0(107") or less,
Au are of an order of I x O(f**), which also support that the
crossflow velocity can significantly increase near the open end
of a long HF membrane of a constant permeability.

Figure 3 presents streamlines calculated using the constant
flux and permeability approximations. In general, the flow
enters normal to the membrane surface due to the no-slip
boundary condition and gradually approaches the epi-center
in the orthogonal plane consisting of B¢ and /5. The
streamline for a small Wcpa(= 0.01) indicates the fluid flow
entering very near the dead end, which is consistently per-
pendicular to the membrane surface, even close to the epi-
center. In this region, the radial velocity is (much) faster
than the crossflow velocity because a permeate flux has not
yet accumulated enough to generate the axial velocity of the

Au = ucpa — Ucpa ~

(42)
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same order of magnitude as the permeate flux. A faster axial
velocity is developed far from the dead end, at least a dis-
tance larger than the membrane half-radius as indicated in
Eq. 27. A higher Wcpa value implies a streamline entering
farther from the dead end and approaching the channel epi-
center much more gradually than those of small Wcpa val-
ues. A noticeable deviation of stream functions between our
constant permeability approximation and YF’s constant flux
approximation is clearly noticed in Figure 3. As Wcpa
increases, CFA-streamlines over-predict the entering point of
fluid flow into the membrane interior, and in general provide
more gradual variations in the streamlines. This discrepancy
is negligible for short membranes of which maximum ¥Ycpa
(corresponding to the membrane length) is small (i.e., Wcpa
= 0(107%) or less), but is transparent for long membranes
with Il = O(1) or more.

Figure 4 compares flow profiles of u and v calculated
using the constant flux and permeability approximations. The
radial variations are solely governed by the perturbation func-
tion fcpa(77) so that the ratios, Ry = ucpa/ucra and Ry = vepa/
vcpa vary along the axial distance only. If the membrane
length is short, satisfying (at least) f// < 1, then the constant
flux and permeability approximations show similar velocity
profiles in magnitude as implied in Figure 3. The constant flux
approximation, however, underestimates the permeate velocity
as B¢ exceeds 1, implying its failure near the open end of a
long membrane channel. The crossflow velocity ratio Ry is
always greater than the permeate velocity ratio Ry because the
constant permeability approximation calculates the crossflow
velocity by integrating the permeate flux from the dead end.

In this work, we studied basics of fluid mechanics in an
HF membrane module and investigated effects of the dimen-
sionless parameter, [}l (: 4L/ \/Rma3) representing a charac-
teristic membrane length, on the profiles of pressure distribu-
tion and velocity components. We here discuss implications
of our results for real HF membrane processes. For NF/RO,
HF membrane processes, one can readily use YF’s constant

Velocity ratios

Figure 4. Comparison of constant permeability and flux
approximations in terms of velocity ratios of
Ry = ucpa/ucea (solid line) and Ry = vcpa/
vcra (dotted-line).

Noticeable deviations of Ry and Ry from 1 indicate failure
of the constant flux approximation. [Color figure can
be viewed in the online issue, which is available at
wileyonlinelibrary.com.]
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flux approximation to estimate membrane performance in the
presence of solute ions of feed water, presuming that the
transmembrane pressure is also a quasi-constant along the
membrane channel.’® Even if the axial variation of solute
concentration polarization is taken into account,ﬁo’61 standard
film theory®” can provide a reasonable estimation of NF/RO
membrane performance in terms of water recovery and sol-
ute rejection. This is because the solute concentration pro-
files have very gradual variation along the axial direction of
membranes.®> On the other hand, low hydraulic resistance of
MF/UF membranes generates f3/ on the order of O(1) or
more as mentioned above and creates exponential profiles of
the pressure and flow fields. The concept of critical flux has
been argued for its constant character for long term opera-
tions.**°> However, it is generally accepted that excessive
transmembrane pressure accelerates solute accumulation on the
membrane surface and does not effectively increase the perme-
ate flux: filtration performance will be confined within the lim-
iting flux regime.®*®® When the permeate flux at the open end
is excessively high even though the length-averaged permeate
flux is still in the region of the normal operation (i.e., below
critical or sustaining flux), membrane fouling can occur near
the open end and propagates to the dead end.""* This is oppo-
site to the direction of the axial development of the concentra-
tion polarization in regular processes of spiral wound RO mem-
branes. For constant flux operations, rapid solute accumulation
can increase applied pressure, which may require frequent
cleaning. Therefore, monitoring the permeate flux at the open
end (where negative pressure is applied) can provide a practical
indicator to prevent the initiation and propagation of (potential)
membrane fouling. Furthermore, the stiffly changing, exponen-
tial profile of the permeate velocity can easily break the quasi-
steady state in the presence of particulate foulant of feed water,
and promote fouling.54 To mitigate the onset of the fouling
phenomena, this theory suggests the use of short HF mem-
branes (especially for MF/UF processes) to keep the character-
istic membrane length smaller than one, i.e., I < 1.

Conclusions

We developed a perturbation theory for a laminar flow
with injection to a cylindrical porous tube and applied it spe-
cifically to a hollow fiber membrane module of an arbitrary
length and a small wall Reynolds number. Analytic expres-
sions of the axial and radial velocities, and the pressure pro-
file were derived by solving the Navier-Stokes and continu-
ity equations. The conventional constant flux approximation
was verified as a good approximation only for membranes of
short lengths satisfying (at least) f// < 1 and large membrane
resistances rendering R,, < 1. Long membranes having f/ >
1, as used for MF and UF, have exponentially increasing
pressure and velocity components in the axial direction,?' as
proven by the constant permeability approximation used in
this study. Discrepancies between constant flux and perme-
ability approximations were observed in streamlines and ve-
locity ratios especially far from the dead end of the long
membrane (B¢ > 1). For membranes used for pressure-
driven filtration, constant flux and permeability approxima-
tions have almost indistinguishable velocity variations in the
radial direction due to the low values of the transport param-
eter f3; however, the small change of f due to finite f§ (or )
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causes the noticeable velocity augmentation near the open
end of a long membrane. In general, the constant permeabil-
ity approximation unifies constant flux approximation and
provides accurate fluid mechanics within HF membranes of
arbitrary lengths. Specifically, a smaller value for f5l of the
NF/RO group than that of MF/UF makes the constant flux
approximation reasonably accurate, generating the linear
pressure profile in the axial direction. On the other hand, the
MF/UF group requires the constant permeability approxima-
tion for a f/ on the order of O(l) or more, having fluid
velocities and pressure distribution exponentially varying
along the membrane channel in the flow direction. This dras-
tic increase of the permeate flux may require careful setup
of the negative pressure in terms of the membrane resistance
and length to prevent fouling phenomena.
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% = % \/ﬁ(% (Ada)
r% = 17(% (Adb)
(-2

and
% = é% (A5a)
g—; = a—lzaa—; (A5b)

Appendix B: Wall Velocity Variation Along
the z-Direction

In this section, we derive an asymptotic representation of
the wall velocity V, when the length of the HF membrane is
much longer than the tube radius to emphasize the axial var-
iation only. Using Darcy’s law, the permeate velocity (in
magnitude), defined as V, = =V (r = a,z), is assumed to be
proportional to the transmembrane pressure:

(BI)

where P, and P,/(z) are the pressures on the exterior and
interior surfaces, respectively, of the HF module at a dis-
tance z from the dead end. Because one end of the mem-
brane is blocked, the crossflow rate Q measured at z is cal-
culated as the accumulation of the permeate flux along the
membrane channel:

0(z) =2mna /Z Vy(2)dZ (B2)
0

By modifying the original Hagen-Poiseuille equation, the
axial gradient of the flow rate can be approximated52 as

P (z) = Pw(z) — Pou (BS)

N (B6)

An infinite membrane resistance (i.e., A — 0) mimics the
impermeable rigid pipe with the linear pressure distribu-
tion.>* The boundary conditions for Eq. B4 are

Pjv(z =0) = —APnyo (B7)
dp:
_wl B
& " (BS)

where AP,  indicates the transmembrane pressure (in mag-
nitude) on the porous wall at the dead end. The solution for
P, is

Py (z) = Pow — APy cosh Az (B9)

and the pressure drop along the entire membrane channel is
calculated as

|AP.| = Py — P, = —AP, (B10)

where Py = P, (z = 0) and P, = P,(z = L) as shown in
Fig. 1. Note that Eq. B9 originates from applying the mass
balance approximation of Eq. B3 based on the Hagen-Pois-
eullie equation—not directly from solving the Navier-Stokes
equation.

Using Eq. B9, the wall flux Vj, is then represented as

Vy(z) = Vo cosh Az (B11)
where
72 AP
Vo = 2~ L AP, = Lm0 (B12)
164 URm

Appendix C: Determination of C-C,

Unknown coefficients, C,—C,4, of Eq. 33 are determined as
follows:
(i) Applying BC Egs. 23-33 yields

1 2
hmf(n) — & + C4Y, (OC\/ﬁ) ~ —’1 |:C1 — EC4:| =0

00 na® o*pP W*OW Vi
— = 2maV, =— | —== B3
5 naVy(z) 8 ( 92 (B3) 1
assuming that the internal crossflow is fully developed for so that
z > 0, and the radial dependency of the pressure is negligible. )
Substitution of Eq. Bl into Eq. B3 gives a second-order Ci=—0C (C2)
ordinary differential equation:
using
d*p;,
—¥ _)2Pr =0 (B4) 2 [—In(2) +1 —2y+1
d22 Yl()ﬁ):__‘i‘( n()+n(x)_1/2 /+ >x+
X T n
where (C3)
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(ii) From BC Eq. 24

2
tim (1) — Cav/ s [V (1)
2
+cm£;"—nz (VY (/)] =0 (C4)

Because

1 1
Jl(x)zzx—ﬁf—&—--- (C5)

the first term of Eq. C4 vanishes as # — 0. The x~ ' term of
Eq. C2 causes the divergence of the second term of Eq. C4
as 5 reaches zero so that C4, = 0 should be satisfied, and
therefore C; = 0.

(iii) BC Eqgs. 21 and 22 easily determine the rest of
unknown constants, C, and Cz, to provide the final solution
of Eq. 34.

1 OC2m
F — - m+2) (DZ)
(n) 2 (n w2 )
1
G(a) = ZG—W (D3)
m=0 "M

Using Eq. C5 and

1 1
Jo(x) =1 —sz +ax4 + e (D4)

we here derived recurrence formulae for F,, and G,, as
Fou=(—1)"4(m+1)’F,_, Fo=1 (D5)
G = (—=1)"2m(2m + 4)G,_1, Go =1 (D6)

respectively, and we have

2 2 3 4 4
Y O/ T U/ B W S
Fn) = (’7 2) 64 <’7 3> *576 (’7 4)

6 s (D7)
o n
Appendix D: Series Expansion of () " 36864 (’7 - ?) T
for a Small R,,
The series expansion of Eq. 34 yields and
2 4 6
2/ (/) — omdo(@) — @PF(n)  F(n) Gla)=1-L 42 % (DS)
f(n) 2021 (2) — 2o () 5G(1) ~ G() 12 384 23040
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